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We find a new class of topological superconductors which possess an emergent time-reversal sym-
metry that is present only after projecting to an effective low-dimensional model. We show that a
topological phase in symmetry class DIII can be realized in a noninteracting system coupled to an
s-wave superconductor only if the physical time-reversal symmetry of the system is broken, and we
provide three general criteria that must be satisfied in order to have such a phase. We also provide
an explicit model which realizes the class DIII topological superconductor in 1D. We show that, just
as in time-reversal invariant topological superconductors, the topological phase is characterized by
a Kramers pair of Majorana fermions that are protected by the emergent time-reversal symmetry.
PACS numbers: 74.45.+c,71.10.Pm,73.21.Hb,74.78.Na
Introduction. Topological superconductors have been
intensively pursued in recent years [1–3] because the Ma-
jorana fermions which are localized to their boundaries
have potential applications in the development of a topo-
logical quantum computer [4, 5]. The most promising
proposals to date for engineering topological supercon-
ductivity involve coupling a conventional superconductor
either to a nanowire with Rashba spin-orbit interaction
that is subjected to an external magnetic field [6–17] or
to a ferromagnetic atomic chain [18–25].
Additionally, there have been several proposals to engi-
neer topological superconductors in symmetry class DIII.
Such systems possess both particle-hole symmetry and
time-reversal symmetry [26], with the presence of time-
reversal symmetry ensuring that the Majorana fermions
existing at the boundaries of class DIII topological su-
perconductors come in Kramers pairs. In one dimen-
sion (1D), where superconductivity is required to be in-
duced by the proximity effect, it has been shown that
a nontrivial topological phase in class DIII can be real-
ized by proximity coupling a noninteracting multichannel
Rashba nanowire to an unconventional superconductor
[27–30] or to two conventional superconductors forming
a Josephson junction with a phase difference of pi [31].
Alternatively, an effective pi-phase difference can be in-
duced in a multichannel Rashba nanowire with repuslive
electron-electron interactions [32] or in a system of two
topological insulators coupled to a conventional super-
conductor via a magnetic insulator [33]. It has also been
proposed to realize class DIII topological superconduc-
tivity in a system of two Rashba nanowires [34–36] or
two topological insulators [37] coupled to a single conven-
tional superconductor, but repulsive interactions are also
necessary to reach the topological phase in these setups,
which require a strength of induced crossed Andreev (in-
terwire) pairing exceeding that of the direct (intrawire)
pairing [38–40]. While it would be beneficial to engineer
a DIII topological superconductor in a noninteracting 1D
system coupled to a single conventional superconductor,
as such a setup could avoid relying on unconventional su-
perconductivity or interactions that are difficult to con-
trol experimentally, it was recently shown that this is not
possible in a fully time-reversal invariant system [41].
In this paper, we show that such a 1D topological su-
perconductor in class DIII can be realized when time-
reversal symmetry is explicitly broken. While the full
Hamiltonian (describing the 1D system, the supercon-
ductor, and the tunnel coupling) possesses only particle-
hole symmetry and is thus in symmetry class D, it is pos-
sible to place the system in symmetry class DIII after in-
tegrating out the superconductor [38, 42–48] and project-
ing to an effective 1D model [49]. We establish three nec-
essary criteria to realize a DIII topological phase. First,
the 1D system must obey an “emergent” time-reversal
symmetry. That is, given the Hamiltonian density hk of
the 1D system, there must exist a unitary matrix T1D
such that T †1DhkT1D = h∗−k and T 21D = −1. [While a spe-
cific example could be the physical time-reversal symme-
try T1D = iσy, where σx,y,z is a Pauli matrix acting in
spin space, we do not restrict ourselves to this case.] Sec-
ond, the self-energy induced on the 1D system by the su-
perconductor must preserve the emergent time-reversal
symmetry. Third, the anomalous (pairing) component
of the self-energy must have both positive and negative
eigenvalues.
After a general discussion, we provide a simple model
which realizes the DIII topological phase in 1D. We con-
sider a system of two Rashba nanowires with opposite
Zeeman splittings coupled to an s-wave superconductor.
We show that such a system undergoes a topological
phase transition under certain conditions. By explicitly
solving for the wave functions of the Majorana bound
states, we show that the topological phase is charac-
terized by the presence of a Kramers pair of Majorana
fermions that is protected by the emergent time-reversal
symmetry.
Minimum requirements for DIII topological phase.
We consider a general 1D (noninteracting) system cou-
pled to a conventional superconductor. We assume that
the system is translationally invariant along the direction
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2of the 1D system, allowing us to define a conserved mo-
mentum k. The Hamiltonian of the 1D system is given
by
H1D =
∫
dk
2pi
ψ†khkψk, (1)
where ψk is a spinor annihilation operator acting on all
internal degrees of freedom of the 1D system (spin, sub-
band, etc.) and hk is a Hermitian matrix. We assume
that there exists a unitary matrix T1D which acts as
an effective time-reversal symmetry on the Hamiltonian,
such that T †1DhkT1D = h∗−k and T 21D = −1. Introducing
the Nambu spinor Ψ†k = (ψ
†
k, ψ
T
−kT1D), the Hamiltonian
Eq. (1) can be expressed as
H1D =
1
2
∫
dk
2pi
Ψ†kH1Dk Ψk, (2)
where Hk = τzhk and τx,y,z is a Pauli matrix acting in
Nambu space.
The 1D system is coupled to a conventional supercon-
ductor which is described by a BCS Hamiltonian,
Hsc =
1
2
∫
dk
2pi
∫
dr⊥ η
†
k(r⊥)Hsck (r⊥)ηk(r⊥), (3)
where r⊥ denotes directions transverse to the 1D system
and η†k = (η
†
k↑, η
†
k↓,−η−k↓, η−k↑) is a spinor creation op-
erator in Nambu ⊗ spin space. The Hamiltonian density
in this basis is given by Hsck (r⊥) = τz[(k2 −∇2⊥)/2msc −
µsc] + τx∆, where msc, µsc, and ∆ are the effective mass,
chemical potential, and pairing potential of the supercon-
ductor, respectively. The superconductor is time-reversal
invariant, T †scHsck Tsc = Hsc∗−k , where Tsc = iσy is the phys-
ical time-reversal operator, with σx,y,z the Pauli matrix
acting in spin space.
We allow for a linear coupling between the 1D system
and the superconductor of the form
Ht =
1
2
∫
dk
2pi
∫
dr⊥[η
†
k(r⊥)Tk(r⊥)Ψk +H.c.]. (4)
The tunneling matrix in Nambu space, Tk(r⊥), can be
expressed generally as
Tk = T
0
k + τzT
z
k , (5)
where T 0k = [tk −T †sct∗−kT1D]/2, T zk = [tk + T †sct∗−kT1D]/2,
and tk is a tunneling matrix acting on all additional de-
grees of freedom in the system [50]. Combining Eqs. (2)-
(4), the full Hamiltonian can be expressed as
H =
1
2
∫
dk
2pi
(
Ψ†k η
†
k
)(H1Dk T †k
Tk Hsck
)(
Ψk
ηk
)
, (6)
where we suppress explicit reference to r⊥ for brevity.
Note that the time-reversal symmetry of the full Hamil-
tonian is broken by having T 0k 6= 0; i.e., T †HkT 6= H∗−k,
where Hk is the Hamiltonian density of Eq. (6) and
T = diag(T1D, Tsc). For this reason, it was assumed that
T 0k = 0 in Ref. [41].
We now project our system to an effective 1D model
by integrating out the superconductor [38, 42–48]. The
superconductor induces a self-energy on the 1D system
given by
Σk(ω) =
∫
dr⊥
∫
dr′⊥ T
†
k (r⊥)G
sc
k,ω(r⊥, r
′
⊥)Tk(r
′
⊥), (7)
where Gsck,ω(r⊥, r
′
⊥) is the Matsubara Green’s function
of the bare superconductor, defined such that [iω −
Hsck (r⊥)]Gsck,ω(r⊥, r′⊥) = δ(r⊥− r′⊥). In the limit of weak
tunneling, where the relevant pairing energies in the 1D
system are ω  ∆, it is sufficient to evaluate the self-
energy at ω = 0. In this case, the system is described by
an effective 1D Hamiltonian given by Heffk = H1Dk + Σk.
Since it was already assumed that H1Dk obeys an effective
time-reversal symmetry, the Hamiltonian Heffk is in class
DIII if the self-energy of Eq. (7) preserves this symmetry,
T †1DΣkT1D = Σ∗−k. (8)
Hence, T1D acts as an emergent time-reversal symme-
try which exists only in the low-dimensional subspace.
Assuming that the self-energy satisfies Eq. (8), we can
decompose it into normal and anomalous parts as
Σk = τzΣ
N
k + τxΣ
A
k , (9)
where ΣNk = G
N
k (T
0†
k T
0
k +T
z†
k T
z
k ) and Σ
A
k = G
A
k (T
0†
k T
0
k −
T z†k T
z
k ) [51]. In arriving at Eq. (9), we have utilized the
fact that the superconducting Green’s function can be
similarly decomposed as Gsck = τzG
N
k + τxG
A
k , where G
N
k
and GAk are scalars.
The anomalous self-energy, which represents the in-
duced pairing in the 1D system, can be expressed in a
form
ΣAk = Σ
z
k − Σ0k, (10)
where Σik = −GAk T i†k T ik. It was shown in Ref. [41] that
the class DIII topological invariant can only take a non-
trivial value if ΣAk has both positive and negative eigen-
values. It was also shown that Σzk is always positive
semidefinite; hence, if the tunneling Hamiltonian is time-
reversal invariant with Σ0k = 0, it is not possible to realize
a topological phase. By extension, it is straightforward to
show that Σ0k must also be positive semidefinite. Conse-
quently, the topological invariant must also take a trivial
value if Σzk = 0 (in which case Σ
A
k is negative semidef-
inite). However, if both terms in Eq. (10) are nonzero,
ΣAk is not restricted to be either positive semidefinite or
negative semidefinite, and it is possible to have a topo-
logically nontrivial phase.
We have thus established three minimal criteria to re-
alize a class DIII topological phase in a noninteracting
31D system: the bare 1D system must obey an effective
time-reversal symmetry, the self-energy induced by the
superconductor must preserve this symmetry, and the
anomalous self-energy must have both positive and neg-
ative eigenvalues. The final requirement can be satisfied
only if the full tunneling Hamiltonian [Eq. (6)] is not
time-reversal invariant. We will now provide a model
which satisfies all three criteria, showing indeed that the
class DIII topological phase can be realized.
Model. We consider the geometry shown in Fig. 1.
Two Rashba nanowires, separated by a distance d (let
us take one wire to be located at z = 0 and the other
at z = d), are coupled to an infinite 2D s-wave super-
conducting plane. We take the two nanowires to have
opposite Zeeman splitting, which can be achieved by ap-
plying an antiparallel external magnetic field to each wire
or by applying a uniform external magnetic field to two
wires with opposite g-factors.
The two nanowires are described by the Hamiltonian
density
hk = ξk − αkσz −∆Zηzσx, (11)
where ξk = k
2/2mw − µw (mw is the effective mass and
µw the chemical potential of the nanowires), α is the
Rashba spin-orbit interaction constant (we choose our
spin quantization axis along the direction of the effective
Rashba field), and ∆Z = gµBB/2 is the Zeeman split-
ting in an external magnetic field of strength B (g is the
nanowire g-factor and µB is the Bohr magneton). The
Pauli matrix ηx,y,z acts in left/right wire space. Cru-
cially, we impose that the two nanowires are identical,
with only a change in the sign of the Zeeman splitting.
Although the Zeeman term in Eq. (11) explicitly breaks
time-reversal, the Hamiltonian density obeys an effec-
tive time-reversal symmetry T †1DhkT1D = h∗−k, where
T1D = iηxσy and T 21D = −1.
The self-energy induced on the two nanowires by the
superconductor is given in Eq. (7). Assuming that µs 
µw, we evaluate the Green’s function of the bulk 2D su-
perconductor for momenta k  kFs (kFs =
√
2msµs is
the Fermi momentum of the superconductor) to give
Gsc0,0(z, z
′) = − 1
vFs
[τx cos(kFs|z − z′|)
− τz sin(kFs|z − z′|)]e−|z−z′|/ξs ,
(12)
where ξs = vFs/∆ is the coherence length and vFs =
kFs/ms the Fermi velocity of the superconductor (we
have also expanded in the limit µs  ∆). We as-
sume local spin- and momentum-independent tunnel-
ing of the form tk(z) =
[
tδ(z) tδ(z − d)], where t is a
(scalar) tunneling amplitude which has the same strength
in both nanowires. This gives T 0k = tk(1 − ηx)/2 and
T zk = tk(1 + ηx)/2. Evaluating the self-energy Eq. (7),
we find
Σ = Γτzηx + τx(∆c + ∆dηx), (13)
SC
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FIG. 1. Two nanowires, separated by a distance d, are cou-
pled to an infinite superconducting plane. The two nanowires
are assumed to have opposite Zeeman splittings.
where we define a single-particle interwire tunnel cou-
pling Γ = γ sin(kFsd)e
−d/ξs , an induced direct (in-
trawire) pairing potential ∆d = γ, and an induced
crossed Andreev (interwire) pairing potential ∆c =
γ cos(kFsd)e
−d/ξs [38]. Here, γ = t2/vFs is a tunnel-
ing energy scale. Note that the pairing potentials always
satisfy ∆d > ∆c.
Taking into account the self-energy, the effective
Hamiltonian describing the double nanowire system is
given by
Heffk = τz(ξk − αkσz −∆Zηzσx + Γηx) + τx(∆c + ∆dηx).
(14)
Because the self-energy preserves the effective time-
reversal symmetry, T †1DΣT1D = Σ∗, we also have
T †1DHeffk T1D = Heff∗−k . Additionally, the effective Hamil-
tonian possesses a particle-hole symmetry P†Heffk P =
−Heff∗−k , where P = τyηxσy is a unitary matrix satisfy-
ing P2 = 1. Finally, the effective Hamiltonian possesses
a chiral symmetry {C,Heffk } = 0, where C = T1DP = iτy.
These three properties of the Hamiltonian place it in the
DIII symmetry class. Additionally, the anomalous self-
energy ΣA = ∆c + ∆dηx has both positive and negative
eigenvalues, ∆c ± ∆d. Because all of our previously es-
tablished criteria are met in this setup, it is possible to
have a topological phase.
To determine whether such a topological phase exists
in this setup, we search for a k = 0 gap-closing transition
by enforcing det(Heff0 ) = 0. We find
det(Heff0 ) =
{
∆4Z + 2∆
2
Z(Γ
2 −∆2d + ∆2c − µ2w)
+ [(∆d −∆c)2 + (Γ− µw)2][(∆d + ∆c)2 + (Γ + µw)2]
}2
,
(15)
which yields a gap-closing at the critical Zeeman splitting
(∆cZ)
2 = ∆2d−∆2c+µ2w−Γ2±2i(µw∆c−Γ∆d). Therefore,
in order to have a physical transition, the chemical po-
tential of the nanowires must be tuned to µw = Γ∆d/∆c.
For simplicity, let us assume that the system is tuned in
such a way that the interwire tunnel coupling vanishes,
Γ = 0 [which can be done by tuning sin(kFsd) = 0]. In
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FIG. 2. Phase diagram of our model. A phase boundary at
∆2Z = ∆
2
d −∆2c separates trivial and DIII topological super-
conducting phases. The topological phase is characterized by
the presence of a Kramers pair of Majorana fermions that is
protected by the emergent time-reversal symmetry.
this case, the critical Zeeman splitting at which the gap
closes is given by
∆cZ =
√
∆2d −∆2c . (16)
The phase diagram of our model is displayed in Fig. 2.
We find two distinct phases whose topological charac-
terization can be inferred along the line ∆c = 0, corre-
sponding to the case when the two wires are decoupled
(d  ξs). For ∆Z < ∆d, both wires are in a topolog-
ically trivial phase. For ∆Z > ∆d, both wires are in a
topologically nontrivial phase, with each wire hosting its
own distinct pair of Majorana bound states. Because the
number of Majorana bound states is a topological invari-
ant that cannot be changed without closing the gap, we
conclude that ∆2Z < ∆
2
d −∆2c corresponds to a topologi-
cally trivial phase while ∆2Z > ∆
2
d−∆2c corresponds to a
topologically nontrivial phase with two pairs of Majorana
bound states.
To further establish the presence of a topologically
nontrivial phase, we explicitly solve for the wave func-
tions of the Majorana bound states. We now take our
nanowires to be semi-infinite (x > 0), and we assume
that the effective Hamiltonian of Eq. (14) remains valid
for the semi-infinite case after replacing k → −i∂x [52].
States in the nanowires obey a Bogoliubov-de Gennes
equation given by Heff(x)φ(x) = Eφ(x). By construct-
ing a general zero-energy solution and imposing a van-
ishing boundary condition φ(0) = 0, we find two Ma-
jorana bound state solutions in the topological phase
(∆2Z > ∆
2
d − ∆2c) and no solutions in the trivial phase
(∆2Z < ∆
2
d −∆2c). The full analytical expressions for the
wave functions are given in the limit of strong spin-orbit
interaction (mwα
2  ∆d,∆c,∆Z) in the Supplemental
Material [51]. We find that the two Majorana wave func-
tions in the topological phase are orthogonal,
φ†2(x)φ1(x) = 0, (17)
and related by the effective time-reversal symmetry,
φ1(x) = T1Dφ∗2(x),
φ2(x) = −T1Dφ∗1(x).
(18)
Hence, the two Majorana bound states in the system
form a Kramers pair that is protected by the emergent
time-reversal symmetry.
Conclusions. We have shown that a topological su-
perconductor in symmetry class DIII can be realized in a
noninteracting 1D system proximity coupled to a conven-
tional superconductor. Crucially, the full Hamiltonian
(incorporating the 1D system, the parent superconduc-
tor, and the tunneling term) must not possess an effective
time-reversal symmetry, with such a symmetry emerg-
ing only after projection to an effective 1D model. We
provide an explicit example realizing such a class DIII
topological superconductor, showing that the topological
phase is characterized by a Kramers pair of Majorana
bound states which is protected by the effective time-
reversal symmetry of the system. We believe that our
general criteria can be applied to realize class DIII topo-
logical superconductivity in a multitude of additional sys-
tems coupled to a bulk s-wave superconductor, for exam-
ple in nanowires with helical magnetization of opposite
helicity, antiferromagnetically coupled spin chains, mag-
netic topological insulators with opposite magnetization,
or ferromagnetic atomic chains with opposite magnetiza-
tion.
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6SUPPLEMENTAL MATERIAL
Form of Self-Energy
In this section, we prove that the self-energy can be decomposed into normal and anomalous components as in
Eq. (9) of the main text. The self-energy of the effective 1D model is given by
Σk(ω) =
∫
dr⊥
∫
dr′⊥ T
†
k (r⊥)G
sc
k,ω(r⊥, r
′
⊥)Tk(r
′
⊥). (S1)
Substituting the tunneling term Tk = T
0
k + T
z
k , and noting that the superconducting Green’s function (at ω = 0) can
be decomposed into normal and anomalous parts as Gsck = τzG
N
k + τxG
A
k , where G
N
k and G
A
k are scalars, we find a
self-energy given by (we suppress explicit reference to the transverse coordinates r⊥ and r′⊥ for brevity)
Σk = G
N
k [τz(T
0†
k T
0
k + T
z†
k T
z
k ) + τ0(T
0†
k T
z
k + T
z†
k T
0
k )] +G
A
k [τx(T
0†
k T
0
k − T z†k T zk )− iτy(T 0†k T zk − T z†k T 0k )]. (S2)
We now require the self-energy to preserve the effective time-reversal symmetry of the 1D system by enforcing
T †1DΣkT1D = Σ∗−k. Because the four terms of Eq. (S2) are linearly independent, each term must separately obey
this condition.
Let us first consider the term proportional to τ0; expanding out this term using the definitions T
0
k = [tk −
T †sct∗−kT1D]/2 and T zk = [tk + T †sct∗−kT1D]/2 gives
T 0†k T
z
k + T
z†
k T
0
k =
1
2
(t†ktk − T †1DtT−kt∗−kT1D). (S3)
Applying the time-reversal operator to Eq. (S3) and using the fact that T 21D = −1, we see that in order to preserve
the time-reversal symmetry of the 1D system, the self-energy must satisfy
T †1Dt†ktkT1D − tT−kt∗−k = tT−kt∗−k − T †1Dt†ktkT1D, (S4)
or, equivalently,
t†ktk = T †1DtT−kt∗−kT1D. (S5)
Hence, the term proportional to τ0 in Eq. (S2) must vanish.
Next, we consider the term proportional to τy in Eq. (S2),
T 0†k T
z
k − T z†k T 0k =
1
2
(t†kT †sct∗−kT1D − T †1DtT−kTsctk). (S6)
Applying the time-reversal operator to Eq. (S6), we require
tT−kTsctkT1D − T †1Dt†kT †sct∗−k = tT−kT †sctkT1D − T †1Dt†kTsct∗−k. (S7)
However, because T †sc = −Tsc, this amounts to
t†kT †sct∗−kT1D = T †1DtT−kTsctk, (S8)
meaning that the product t†kT †sct∗−kT1D is necessarily Hermitian and that the term proportional to τy in Eq. (S2) must
also vanish.
Using the relations defined in Eqs. (S5) and (S8), we see that the terms proportional to τz and τx in Eq. (S2) do
not vanish in general. Hence, the self-energy can be expressed in the form
Σk = G
N
k τz(T
0†
k T
0
k + T
z†
k T
z
k ) +G
A
k τx(T
0†
k T
0
k − T z†k T zk ), (S9)
as given in Eq. (9) of the main text.
7Majorana Wave Functions
In this section, we explicitly solve for the Majorana wave functions in a semi-infinite geometry. States in the
nanowire obey a Bogoliubov-de Gennes equation given by
Heff(x)φ(x) = Eφ(x), (S10)
where φ(x) is a spinor wave function and Heff(x) is given by
Heff(x) = τz(−∂2x/2mw + iα∂xσz −∆Zηzσx) + τx(∆c + ∆dηx). (S11)
Because the wires are semi-infinite, Majorana solutions are necessarily at zero energy. Setting E = 0, we rewrite
Eq. (S10) in the form
∂xφ˜(x) = Mφ˜(x), (S12)
where φ˜ = (∂xφ, φ)
T and
M =
(
2mwiασz −2mw[∆Zηzσx + iτy(∆c + ∆dηx)]
I8×8 0
)
. (S13)
Any zero-energy solution to Eq. (S10) can be written in the form
φ(x) =
∑
n
cnχne
iknx, (S14)
where ikn are the eigenvalues of M and χn are the corresponding eigenvectors.
Eigenvalues of M must satisfy (for brevity, we temporarily set 2mw = 1)
0 = [k8 − 2α2k6 + k4(α4 + 2∆2d + 2∆2c − 2∆2Z) + 8αk3∆d∆c + 2α2k2(∆2d + ∆2c + ∆2Z) + (∆2Z −∆2d + ∆2c)2]
× [k8 − 2α2k6 + k4(α4 + 2∆2d + 2∆2c − 2∆2Z)− 8αk3∆d∆c + 2α2k2(∆2d + ∆2c + ∆2Z) + (∆2Z −∆2d + ∆2c)2].
(S15)
While this equation cannot be solved analytically in general, we can solve it in the limit of strong spin-orbit interaction,
α2  ∆Z ,∆d,∆c. First, we expand in the vicinity of the exterior branches of the spectrum by setting k = ±α+ δke
and expanding for δke  α. We find
[(∆d + ∆c)
2 + α2δk2e ][(∆d −∆c)2 + α2δk2e ] = 0. (S16)
Therefore, at both the positive and negative exterior branches, we find four allowed momenta with δke = ±i(∆d ±
∆c)/α. Next, we expand in the vicinity of the interior branches of the spectrum by setting k = δki and again
expanding for δki  α; we find
[α4δk4i + 2α
2(∆2Z + ∆
2
d + ∆
2
c)δk
2
i + (∆
2
Z −∆2d + ∆2c)2]2 = 0. (S17)
For the interior branches, we find four doubly degenerate momenta corresponding to δki = ± iα (
√
∆2Z + ∆
2
c ±∆d).
For bound states, only momenta with positive imaginary part are allowed. Restoring the factors of 2mw, the allowed
momenta in the topological phase (∆2Z > ∆
2
d −∆2c) are given by
k1 = 2mwα+ i(∆d + ∆c)/α,
k2 = 2mwα+ i(∆d −∆c)/α,
k3 = −2mwα+ i(∆d + ∆c)/α,
k4 = −2mwα+ i(∆d −∆c)/α,
k5 = k6 = i
(√
∆2Z + ∆
2
c + ∆d
)
/α,
k7 = k8 = i
(√
∆2Z + ∆
2
c −∆d
)
/α.
(S18)
8Substituting Eqs. (S18) and (S14) into Eq. (S10) and similarly expanding in the limit of strong spin-orbit interaction,
we find the corresponding eigenvectors
χ1 =
1
2
(−1, 0,−1, 0,−i, 0,−i, 0)T ,
χ2 =
1
2
(−i, 0, i, 0,−1, 0, 1, 0)T ,
χ3 =
1
2
(0, i, 0, i, 0, 1, 0, 1)T ,
χ4 =
1
2
(0,−i, 0, i, 0, 1, 0,−1)T , (S19)
χ5 =
1
2
√
∆2Z + β
2
(β,−i∆Z , β, i∆Z ,−iβ,−∆Z ,−iβ,∆Z)T ,
χ6 =
1
2
√
∆2Z + β
2
(∆Z ,−iβ,−∆Z ,−iβ, i∆Z , β,−i∆Z , β)T ,
χ7 =
−1
2
√
∆2Z + β
2
(−β, i∆Z , β, i∆Z , iβ,∆Z ,−iβ,∆Z)T ,
χ8 =
1
2
√
∆2Z + β
2
(i∆Z , β, i∆Z ,−β,−∆Z , iβ,−∆Z ,−iβ)T ,
where we define β =
√
∆2Z + ∆
2
c + ∆c.
The coefficients c1−8 are determined by imposing the boundary condition φ(0) = 0. We find two solutions given by
φ1(x) = N1
(
i∆Z√
∆2Z + β
2
χ1e
ik1x − iβ√
∆2Z + β
2
χ4e
ik4x + χ8e
ik8x
)
,
φ2(x) = N2
(
− iβ√
∆2Z + ∆
2
c
χ2e
ik2x +
∆Z√
∆2Z + ∆
2
c
χ3e
ik3x + χ7e
ik7x
)
,
(S20)
where N1(2) are normalization constants. The wave functions are normalized according to∫ ∞
0
dxφ†i (x)φi(x) = 2. (S21)
Evaluating the integral, we find normalization constants
N1 = 1√
α
(
1√
∆2Z + ∆
2
c −∆d
+
β2
(∆d −∆c)(∆2Z + β2)
+
∆2Z
(∆d + ∆c)(∆2Z + β
2)
)−1/2
,
N2 = 1√
α
(
1√
∆2Z + ∆
2
c −∆d
+
β2
(∆d −∆c)(∆2Z + ∆2c)
+
∆2Z
(∆d + ∆c)(∆2Z + ∆
2
c)
)−1/2
.
(S22)
Substituting Eq. (S22) into Eq. (S20), we see that the two Majorana wave functions are orthogonal,
φ†2(x)φ1(x) = 0, (S23)
and related by the emergent time-reversal symmetry (T1D = iτ0ηxσy),
φ1(x) = T1Dφ∗2(x),
φ2(x) = −T1Dφ∗1(x).
(S24)
Hence, the two Majorana bound states form a Kramers pair that is protected by the emergent time-reversal symmetry.
Constructing a general zero-energy solution to Eq. (S10) in the trivial phase (∆2Z < ∆
2
d −∆2c) requires replacing
k7,8 → i
(
∆d −
√
∆2Z + ∆
2
c
)
/α,
χ7 → 1
2
√
∆2Z + β
2
(−β,−i∆Z , β,−i∆Z ,−iβ,∆Z , iβ,∆Z)T
χ8 → 1
2
√
∆2Z + β
2
(i∆Z ,−β, i∆Z , β,∆Z , iβ,∆Z ,−iβ)T .
(S25)
9After making these replacements in Eq. (S14), we find that the boundary condition φ(0) = 0 can only be satisfied by
choosing c1−8 = 0 and hence there are no Majorana bound states.
